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The Multi-Centre Integrals of Derivative, Spherical GTOs

Gerhard Fieck

Institut flir Chemie, Universitit Regensburg, UniversitatsstraBe 31, D-8400 Regensburg,
Federal Republic of Germany

The multi-centre integrals of the orbital system A%, (V) exp (—r?) are evalu-
ated using the Talmi transformation of nuclear shell theory. The integrals are
simpler than those of the systems r2"%,, (r)exp (—r2), xhy™z"exp (—r?),
(e/ox)ejoy)(9]oz)" exp (—r?) and the spherical oscillator functions. The
integral types investigated are: overlap, electric dipole transition (momentum
operator), kinetic energy, three-centre nuclear attraction, four-centre electronic
repulsion, three-centre spin-orbit coupling, and magnetic dipole transition
(three-centre integrals of the angular momentum operator).

Key words: Multi-centre integrals — Gauss—Laguerre orbitals — Talmi-Trans-
formation — Generalized gradient operator.

1. Introduction

In a previous paper [1] the group theoretical or tensor algebraic advantage of using
spherical orbitals has been discussed and the integrals of the spherical Gauss type
orbitals (GTOs) r2"%, (r) exp (—r?) with %, (r) = (ir) Y, (r/r) have been evalu-
ated using the Talmi transformation. The same has been done by Maretis [2] for
the orthonormal system of the spherical oscillator orbitals. When we now call
attention to a further related orbital system, it is because of a remarkable simplifica-
tion of the multi-centre integrals. The new system generated by the gradient oper-
ator A%, (V)exp (—r?) combines the advantages of the ordinary spherical
Gaussians and of the Cartesian system (8/0x)(8/2y)™(0/0z)™ exp (—r?) discussed by
several authors [3]. We shall closely follow [1] in proceeding and notation and shall
not repeat details already given there. The analogous entities of both orbital systems
are termed by the same symbols and distinguished in this paper by an index
Zero.
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2. The Properties of the Orbital Functions

We define the orbitals dimensionlessly by
<r | oanlm) = a2 ~IAMY, (V) exp (—ar?)
= (a7 V)2, (" 1V) exp (—o?r?). Q.1

The generalized gradient operator %, (V) has been discussed in [4]. As in [1] we
want to split up the orbitals in the following form:

{r | oanim)y = ¢%a, nl, ){ar | sol lm) 2.2
with the solid harmonic (note the phase!):
{r | sollm)y = (ir) Yy (v/r). 2.3)

For convenience we distinguish <r | sol /m) for ordinary functions and #,,(V) for
the gradient operator.

With theorem (11) of [4] it is possible to evaluate ¢°(«, 0/, ¥):
o%w, 0L, r) = <>c‘2’(l %) exp (—o?r?)y = (—2) exp (—<?r?). Q.4
From the definition (2.1) follows the recursion
[oon + 1im) = (1/e®)A|ocnlm). 2.5)
This yields for the radial part:

e, (n + DI, r) = (1e 2)(2(’ a+ba, d—) (a1l ). (2.6)

This latter recursion leads to the Gauss—Laguerre type functions
%o, nl, r) = (= 1)P+220 o n ) LI 12(0?r2) - exp (— ?r2). @7

It may be convenient to list the explicit orbital functions for the lower main
quantum numbers in terms of the Condon~Shortley spherical harmonics. Because
the degree of the radial polynoms depends on » only, we can give them for arbitrary
angular momentum /. From (2.1) or from (2.2/3/7) we get:

{r | 0e0lmy = (—2iar)-exp (—o?r?): Yy, (r/r),
{r| oallmy = —4(—2iar)-exp (—a?rH)[] + 3/2 — &®r2] YVyu(r[r),
<r | oo2imy = 16(—2iar) -exp (—e?r?)[({ + 5/2)( + 3/2)
= 20+ 5/2)e®r? + ofr]- Yi(e[r),
{r| 0a3lm)y = —64(—2iur)'-exp (— o3[l + 7/2)( + 5/2)(1 + 3/2)
— 31 + 7/ + 5/2)e?r? + 3(1 + 7[2etr* — o8r®]- Yy, (r/r),
(r | oadlm)y = 256(—2iar)-exp (—e2r DI + 9/2)(I + 7/2)(1 + 5/2)(1 + 3/2)
— 4+ 92U + T/ + 5/2)e?r? + 6(1 + 9/2)( + 7[2)atr®
— 401 + 9/2)e5r% + ®r®]- Yy,(r/r).
These functions differ from the eigenfunctions of the spherical, harmonic oscillator
by the factor exp (—a?r?/2) and therefore do not form an orthogonal system. The
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same is true for the derivative, Cartesian system [3]. Instead the orbitals (2.1) and
the functionals

Lo'enlm | ¥y = (= 1)"*2-2=1* 33 T(n + 1 + 3/2))LLFY%(a?r2)sol Im | Br)

(2.8)
form a biorthogonal system. Thus an expansion theorem holds
lg> = z {o'anlm | g} - |oanlm) 2.9
nim
provided that the integrals {o’anlm | g> exist.
Because of the relation to the confluent, hypergeometric function
LE+12(x) = (”—i“—ln“L—l/—z) Fi(=n, 1+ 3)2; %) (2.10)

we can write
I'(n + 1+ 3/2)
L + 3/2)

T(n + | + 3/2)
TU + 3)2)

%o, nl, ) = (—1)» ¥R+l G Fi(—=n,1 + 3/2; «®r?) exp (—?r?)

= (=I)n+ipzm i GFm 1+ 302,01 + 3/2; —aPr?).

(2.11)

This representation allows the extension of the definition of ¢° and <{r | oenlm) to
the index » = —1, so that

(e Ao — 1md = |oallm) (2.12)

appears as a special case of (2.5). The functions ¢%e«, —1/,r) are the higher
transcendental functions always occurring in the theory of GTOs. According to
(5.2) of [1] they can be expressed by the integrals

1

Fo(t) = f 17 exp (— %) du 2.13)

(¢}
or the incomplete gamma functions:
e, —11,7) = (=2)~*F(a?r?)
= (=2 " Hear) -yl + 1)2, «?r?)/2. (2.14)
For more details on these functions we refer to [1] and only add a reference con-

cerning the effective computation of the functions F,,(¢): [5]. The combined relation
(2.5/11) will be of importance for the nuclear attraction integral.

From the multiplication theorem of spherical harmonics follows the relation

L1l
D7) = 3 LI i | A5 228,,(9) 215)
and therefore
LtLI

e hY, , (D]oanlymyy = > (Ll [}12>( )-]oa,n + (L + b — L)j2, LMD.

Mmym,
(2.16)
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A special case of this relation is

- L*11
a” 1V, |oanlm)y = (4n[3)4/2 Z<LH1HZ>(M;Lm) loa,n + (I + 1 — L)[2, LM>.
.17
As a final property of the orbitals |oanlm) we need the integral
f(r | oanlmyd®r = 8(n, 0) 8(I, 0) 8(m, 0)- (m/245). (2.18)

Together with (2.5/11) this relation yields most of the superiority of the new orbital
system over the ordinary spherical GTOs and oscillator functions.

3. The Talmi Transformation

The central theorems of [1] are related to the Talmi transformation of the functions
r?{r | sol Im) according to a special rotation in six-dimensional space:

F3 = Fr COSp — I3 Sing

ry = ry Sin g 4 £y COS @. 3.1
This rotation is accompanied by

Vs =cosgp:-V; —sing-V,

V,=sing-V; + cos p-V,. (3.2
We therefore get according to (3.3) of [1]:

AN, (V) A%, (Vo) = Z Z [nslsnaloL|@|nidinaloL]

nglgnglsel
LLL*\ ( 131} .

(3.3)

The expansion coefficients [nglsn,doL|p||nilinad,L] are related to the Moshinsky-
Smirnov coeflicients of nuclear physics. For the definition, properties, evaluation,
references and programs we refer to [1]. Here we only mention the condition for the
non-zero coefficients: 2n3 + I3 + 2n, + I, = 21, + I, + 2n, + I,. If we now
apply (3.3) to the equation exp (—r% — r3) = exp(—rZ — r), we get for the
orbitals defined by (2.1) the same transformation as for ordinary, spherical Gauss-
ians:
<ry | olmlimy)<ry | olnglomy) = Z z [nslanalo L[ niingloL]
nalanglqel
_ ( 1112L+) ( 3171

mymaM )<"3 i olnglyms)

m3m4M
. <r4 | 01n4l4m4>. (3.4)

In the same way as in [1] we derive by some substitutions the theorems concerning
the translated orbitals

{r| odangam,y = {r — A | oangamg). (3.9



The Multi-Centre Integrals of Derivative, Spherical GTOs 327

On this occasion we introduce some functions of the orbital scaling factors:

pop = arctan (o), Oy = (@ + )2, £y = aP(e® + BB
For a two-centre density we thus derive

Codangam, | r){r | oBBnbm,> = > z [NJn,pL|@.s ”naanbbL]< a*bL+)

NjinppL mambM
"JtptL
. (M,’f/l M) {AB | 0€., s NJIM Yr | 0PBysn pm ,»
r

(3.6)

with 4B = B — A4 and the weighed mean point P = (¢?4 + B2B)/(«® + B%). And
for two orbitals of different particles we get:

L+
<"1 l DPUnppmp><r2 | OQTI’qumq> = Z z [NJ”rrL”‘Paz“”anqu] (m pq )
P

NJnyrL qu

' (ﬁnﬁﬁ) (ry — 12| 0, QP, £, .NIM)
ey + TU)l(c® + ) x OR8, nrm>
3.7
with R = (o°P + 2Q)/(e” + 7).

We are now prepared to calculate the integrals.

4, Overlap and Related Integrals
By integration over (3.6) and using (2.18) we get immediately the overlap integral

( atbL*

(oAan.am, | 0 BBnybm,) = 2 Q5(nqny, Lab, AB) oM

L

)(faﬁAB | sol LM,

4.0

where the tensorial invariants of the integral are given by
e95(nany, Lab, AB) = [NLOOL|@,4||n,an,bL12L + 1)~ Y2¢°(¢,;, NL, AB) m[263,
4.2)
with N = n, + n, + (a + b — L)/2. In comparison to [, 2] there are two simpli-
fications in £°: It contains no sum and the coeflicients at the right have two zeros.

For the kinetic energy integral we derive because of (2.3):
{oAanzam,| —(1/2)A|oBBn,bm,>

atbL*

(B2 0
#12) 3 ulman, + 1, Lab, 4B, 4P

)<£(,EAB |'solLM>. (4.3)

Since A is a Hermitian operator, we can derive from (2.5) also a useful shifting
relation:
eog(ngny, Lab, x) = (B2[a®)els(n, — 1,n, + 1, Lab, x)
= (Bla)?"e2s(0, n, + ny, Lab, x). (4.4)
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In the case « = B thus many different overlap integrals are equal. On account of
(2.16) a similar shifting of a and 5 is possible, but the relation involves a j-symbol
and is not so effective. For the two-centre integrals of the momentum operator
related to the electric dipole transitions we get:

{oAan,am,|V ,|oBpn,bm,)

atel*\ [ e*1b
_ z 0
< As{(nany, Labe, AB) (mameM ) (mepmb

)(faﬁAB | sol LM, 4.5
where the invariants because of (2.17) are given by

Xs(ngm,, Labe, ABY = {e|1|b>-e35(nig, 1y, + (b + 1 — €)/2, Lab, AB). (4.6)
There are only two possible values of e, namely e = b + 1.

With respect to our phase choice the reduced matrix elements of three spherical
harmonics are

Gl = (=110 + DK + 1 + Dlant (). )
5. Nuclear Attraction Integrais
As in [1] we begin with the interaction integral of a density and a point charge:
[ljre | 0Pon,pm,] = vn,p, PCYoPC | sol pm,». (5.1)
In order to evaluate the invariant +° we again use the relation
[1/rC[A{0PO'nppmp] [(Al[re) I oPon, pm,]
= —4=[8(r — C) | oPon,pm,)
= —4x(C | oPon,pm,»
= —4n{PC | oon,pm,>. 5.2

(In [1] by a mistake the factor —4= has been omitted.) On the other hand we get
because of (2.5/11):

[Urc|AjoPon,pm,] = o®[1]rc | oP(n, + 1)pm,). (53)
This yields:

[jre | oPon,pm,) = —4ne~2(PC | oo(n, — Dpm,). 5.4
Thus the invariant is very simple:

%n,p, PC) = —4no~2¢%o, n, — 1p, PC). (5.5

Note that for n, > 1 the expression involves no higher transcendental functions!
This is in contrast to the cases of [1, 2] again, where the Gaussian or oscillator
functions are mixed with the incomplete gamma functions for all values of #,,.
Moreover Egs. (5.1) and (5.2) imply, for large distances PC, that the integrals vanish
faster than PC ~!~! as usual, namely according to the exponential factor in ¢°. This
allows to omit terms of type (3.5) in the expansions of three- or four-centre integrals
for sufficiently large distances.
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The higher transcendental functions are now restricted to the case:
7%0p, R) = —4no~2¢%0, —1p, R)
= —7wo~A(—2)"*1F,(c*R?)
= 7o~4(—2)?(cR)~2~Yy(p + 1/2, 6*R?). (5.6)

Since the three- and four-centre integrals involve expansions in 7°, this is a great
computational advantage. The same argument applies to Cartesian GTOs.

Multiplying (3.6) by 1/r; and integrating over r we derive the expression of the
three-centre nuclear attraction integral:

J*p*L
_ [¢]
{oAan,am,|1/rcloBBn.bm,)y = szpnaﬁ(nanb, Lab, Jp, AB, PC) (M’mpM)

(E4 ) ., AB | sol TM"5(8,,PC | sol prm,>
Mmamb af B pmy),
5.7
with the invariants
785(nany, Lab, Jp, AB, PC) = —4mz2 > [NJn,pL||pus|naambL]
Nnp
- @°(€45, NJ, ABYp° (645, 1, — 1p, PC) (5.8)
and P = («24 + B2B)/(<® + B?).
6. The Two-Electron Integrals
Again we start with the two-centre density repulsion integral:
L+
[OPO'nppmpl 1/r12IOQ7nqqmq] = Z l‘gr(npnq’ Lpq, PQ) (mprfth )
'<§MPQ l sol LM> (61)

The invariants are now given by
wa(nog, Lpg, PQ) = —(2m2£5,/0°7)(2L + 1)~ “2[NLOOL |g.||n, pn,gL]
-@°(é,5, N — 1L, PQ), 6.2)
with N = n, + n, + (p + g — L)/2. The derivation of (6.2) uses (3.7) and runs

as in [1].

Note again: because of N > n, + n,wehave N > 1 forn, > 1 orn, > 1, thus no
incomplete gamma functions are involved and the integral vanishes faster than any
power of PQ for large distances. The contrary is true only for n, = n, = 0. But
even in this case only one term of (6.1), namely L = p + g, requires the gamma
functions. The invariants u° are obviously related to the invariants of the overlap
integrals:

panphg, Lpg, x) = —4mr=2e3,(n,(ng — 1), Lpg, x). (6.3)
Thus a shifting relation like (4.4) also applies to u°.
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Now we can calculate the four-centre electron repulsion integral. Note that the
arrangement of the orbitals is according to the Dirac notation, cf. (2.14) of [1]:

{oAangam,, 0BBn,bm,|1/r12|0Cyn.cm, 0 Dénydm,)

- Z Z o®(nnyn.ny, Lac, L'bd, Ipq, JJ', AC, BD, PQ)

LL’JT'pal
o atcl*\ (J*p*L brdL'*\ (J'tq*L’ pql*
man M [ \mm,M | \mm,M' | \i'm, M’ ] \mmn
£y AC | sol Jmp{&zsBD | sol J'm">{pPQ | sol In>, (6.4)

with the abbreviations P = (e24 + y2C)/(e? + y?), O = (BB + 82D)/(B? + &?),
and p = [(2 + (B + (@ + B + y2 + B,
The invariants ¢° result from a two-fold application of (3.6) to the two-centre
densities and subsequent integration using (6.1):
ao(nanbncnd> Lac, leda lpqa JJ’, X, ), Z)
= —Qn%[o°r)- (2 + 1)7Y2. > > [NJn,pL|p, | naanccL]

Nugh'mg
(NI ngL'|@gs | nubrgdL’- [SI00! | @, |1, p1egl - 9°(ey /o, N, X)
@B/, N'J', y)-¢°(p, S — 1, 1, 2), (6.5)

with S =n, + ng+ (p + g~ D)[2, 0 = b, 7 = O

7. Spin-Orbit Coupling

As in [1] we get by partial integration the relation:
(odan,am,|[(V1[rc) x V],|oBBn,bm,)
1171
=V3> (MM) (Y, 0danam,|1[re-V, |0 BBm,bmy. (7.1
The right side is evaluated using (2.17), which results in a sum of nuclear attraction
integrals. We finally get the formula of the three-centre spin-orbit coupling integral
Codanzamg|[(V1[rc) x V],[oBBn,bm,)
_ o . o atbL\ (J*IL*\ (Jj* p*
- usz 7Q5(ngny, Lab, Jjp, AB, PC) (mambM) (M,uM Mumm,
~{€4pAB | 50l jm){0,,PC | sol pm,) (7.2)
with the invariants:

ela
w3s(nan, Lab, Jjp, X, y) = (4n/VIQ2L + 1) 3 {flb}@ll Lay<{f(1]o>
¢ \JIL

Nap(ne + (@ + 1 —&)f2,m + (b + 1 = f)[2,Jef, jp, x, ¥). (7.3)

On account of the reduced matrix elements the sums run only over the values
e=a+ landf=5+ 1.



The Multi-Centre Integrals of Derivative, Spherical GTOs 331

8. Angular Momentum

For the calculation of the Zeeman effect, the magnetic circular dichroism and the
magnetic dipole transitions one needs the integrals of the angular momentum
operator with respect to a certain centre C, probably the molecular centre:

Lo =1[re x pl = Lg + [(B — C) x p]. 8.1

In virtne of the second equation (8.1) one can shift the reference point of the angular
momentum to an orbital centre. The integral of Ly then is evaluated using

b*1b
My,

LauloBnbmey = 3 L 0> 7 ) loBembmi, 52

with the reduced matrix element
<BILY|bY = Alb(b + 1)(26 + D2 (8.3)

By (8.2) the integral of Ly is reduced to overlap integrals. On the other hand the
remaining integral is given by (4.5). Inserting all these relations into the integral of
L we finally arrive at the formula:

{oAen.am,)Ly,|0BBn,bm,y

= 3wl Lab, 4B) (m"m’jl ) ( n’;,;;’jb)<§a,;AB | sol LM
# et 1 D) it ) o)
-CB, {£4AB | s0l LM, 8.9
where both invariants are related to the invariants of the overlap integrals:
wyg(nany, Lab, AB) = A[b(b + 1)(2b + 1)]2e84(nyn,, Lab, AB), (8.5)
w24(n.n,, Labe, AB) = V3(#[i)e||1|b>e%(na, 1y + (b + 1 — €)/2, Lab, AB).
(8.6)

9. Comparison with Cartesian Systems

Since we have already compared the new results with those for the other types of
spherical Gaussians, the consideration of the Cartesian systems remains. The
comparison with the derivative system of Zivkovic and Maksic [3] may suffice
because it is most similar to the present one.

One main advantage of the present system is the fact that the integrals
[1/r¢ | 0Pon,pm,] reduce to elementary functions for n, > 0. We have derived this

result from the relation A(1/r) = —4#8(r). If we now define the Cartesian orbitals
by

{r| cAapqr) = (8/0x)P(6/0y)*(2/oz) exp (—o®(r — A)?) 9.1
we get the relation

a”2AlcAapgry = |cAap + 2gr> + |cAepqg + 2r) + |cAapgr + 2> 9.2
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and the analogue of Eq. (5.4):

—d4ne~%PC | capgr) = [1]rc | cPop + 2qr] + [1/rc | cPopg + 2r]
+ [1/rc | cPopgr + 2]. 9.3)

This means that only a certain sum of the integral type [1/r; | cPopgr] reduces to
elementary functions, but the individual Cartesian integrals do not. Thus in the
Cartesian system all nuclear attraction and electron-repulsion integrals involve
more higher transcendental functions than in the analogous spherical system. The
same applies to the system x?y%z" exp (— a?r?).

Another advantage of all the spherical orbital systems is the orientational simplicity.
Consider a three-centre nuclear attraction integral in a tetrahedral molecule like
CH,. The configuration is as follows: s-orbital at one H (point 4), the point charge
at another H (point C) and a p-orbital at the central C (point B): <0A4000|1/r|
0BO1m). There are at first sight 36 different integrals of this type in a tetrahedron.
In the Cartesian case it is possible to show by several rotational operations that
there are only two independent integrals, and it is even more laborious to express
all 36 integrals explicitly as linear combinations of these two. Because the lengths
of the vectors AB and PC are the same in all 36 triangles, the same result is pro-
duced automatically in the spherical system. The formula (5.7) simply gives all the
integrals as linear combinations of two independent invariants:

{0A000|1/rloBOImy = (72m)~12(x3,(00, 101, 10, AB, PC)AB | sol 1m)
+ 7:1(00, 101, 01, AB, PCXPC | sol 1m). (9.4)

But one must admit that in the case of the more general integrals <oA4n,00|1/r¢|
oBn,1m) there are more than two invariants, though less than 36. It is a general
fact that the three- and four-centre integrals of spherical Gaussians involve a
minimum of invariants if all main (but not the angular momentum) quantum
numbers are zero. But since the increase of the main quantum number does not
change the orbital type, it should not affect the number of independent invariants.
This discrepancy is a challenge for further research.
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